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Abstract 

We define the derived category of quasi-coherent modules for certain Artin stacks as the homotopy 
category of two Quillen monoidal model structures on the corresponding category of unbounded 
complexes of quasi-coherent modules. 
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1 Introduction 

In [EE05] we develop a method for finding a family of generators of the so-called category of quasi- 
coherent i?-modules on an arbitrary quiver (cf. |EE05[ Corollary 3.5]) and we prove that the class of flat 
quasi-coherent R- modules is covering (cf. |EE05l Theorem 4.1]). The first part of the present paper is 
devoted to showing that the same arguments of |EE05| can also be used in a much more general setup, 
that is that of cartesian R- modules on a flat presheaf of rings R over a small category C. This extends 
the main application in |EE05| to the category £2co(A) of quasi-coherent sheaves on a scheme X but 
also to the category Qco(X) of quasi-coherent sheaves on an Artin stack or on a Deligne-Mumford stack. 
This seems to be known to some authors, but the lack of a published result of this fact in the literature 
becomes it into an interesting consequence of the results of |EE05j . 

*This paper has been completed during the author's stay at Max Planck Institute for Mathematics in Bonn. The author 
would like to thank its hospitality and the excellent conditions provided for his stay at the institution. 



In the second part of the paper we deal with the derived category of quasi-coherent sheaves on an 
Artin stack. From its abstract definition one has little control over the morphisms in the derived category 
and in fact it is not clear if we have only a set of maps between any two objects. A solution to these 
questions is provided by defining a good Quillen's theory of model categories in Ch(Qco(A")) ( |Qui67| ) 
where the weak equivalences arc the quasi-isomorphisms. Then it follows from Quillen's theory that the 
corresponding homotopy categoy, the derived category of Qco(X), is truly a category. Moreover there is 
a simple description of the set of morphisms from two objects M and N in the derived category as chain 
homotopy classes of chain maps from a cofibrant replacement for M to a fibrant replacemnent of N. 
Moreover, the category Qco(X) has a tensor product, which naturally inherits to Ch(0co(A')), for which 
we should be able to compute left derived functors, so we would like that our Quillen model category 
structures to be monoidal. To achieve this goal, we give a general theorem (Theorem l7.2p that guarantees 
the existence of cofibrantly generated model category structures in the category of unbounded complexes 
of cartesian i?-modules and later in Section|8]we specialize to the category of quasi-coherent Ox-modules 
over Artin stacks. This is an extension of the previous papers |Gil07j and [EGPT12] from schemes to 
algebraic stacks. Our main application is that for a geometric stack X (see |TV08j and |Lur05j ) we 
show the existence of a flat monoidal model category structure on Ch{Qco(X)) (Theorem 18. ip and for 
algebraic stacks that satisfy the resolution property (these include global quotient stacks) we show in 
Theorem 18.21 that there is a locally projective monoidal model structure on Ch(Oco(A')). One immediate 
implication from |May01| is then that the triangulated structure of T){Qco(X)) is strongly compatible 
with the derived tensor product. We finish Section [5] with a list of consequences of the results of this 
paper for categories of modules over a flat Hopf algebroid and on the existence of adjoint functors in 
homotopy categories for algebraic stacks. 

2 Cartesian modules on quivers 

A quiver Q is a directed graph. An edge of a quiver from a vertex v\ to a vertex is denoted by 
a : «i -> i)2 or Di A V2, the symbol E will denote the set of edges. A quiver Q may be thought as a 
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category in which the objects are the vertices of Q and the morphisms are the paths (a path is a sequence 
of edges) of Q. The set of all vertices will be denoted by V. 

Let Q = (V, E) be a quiver and let R be a prcshcaf from Q in the category of commutative rings, that 
is, for each vertex v € V we have a ring R(v) and for an edge a : v — > w we have a ring homomorphism 
R(a°P) : R(w) -» R(v). 

We shall say that we have an i?-module M when we have an i?(w)-module M(v) and a morphism 
M(a op ) : M(w) — > M(v) for each edge a : v — > w that is i?(w)-linear. The i?- module M is said to be a 
cartesian Q -module if for each edge a : v — > w as above the morphism 

R(v) ® R(w) M(w)^M(v) 

given by r v <gi m w n> r v M(a op )(m w ), r v € to w € M(w) is an i?(u)-isomorphism. 

The category of cartesian Q-modules is abelian when R is such that for an edge v — > w, R(v) is a 
flat i?(iu)-module (so the kernel of a morphism between two cartesian Q-modulcs is also cartesian). In 
this case we say R is flat. Coproducts and colimits may be computed componentwise so direct limits are 
exact and, as a result of Proposition 14. 2[ we can find a system of generators in the category. Therefore 
the category of cartesian Q-modules is indeed a Grothendieck category when R is flat. 

By the tensor product, M N, where M is a right i?-module and N a left i?-module, we mean the 
Z-module (Z(u) = Z, for all v £ V and Z(a) = id% for all a G E) such that 

(M ®aJ\0(«) - M(¥) N(v), 

with (M (8)^ N)(a) the obvious map. We then get the notion of a flat R-module and a /Za< cartesian 
Q-module. We also get the notion of locally projective cartesian Q-module M, by defining that M(v) is 
a projective i?(u)-module for each v G V. 

Given an arbitrary quiver Q and a flat presheaf of rings R over Q, we will denote by QMod cax t{R) 
the category of cartesian Q-modules over R. 
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3 Cartesian modules on small categories 

Now let C be any small category, and let R be a flat presheaf of rings on C. We will consider the category 
Mod car t(R) of cartesian R- modules. This is an abelian category and, as a consequence of Proposition FOl 
it will be a Grothcndicck category. There is a notion of flat and of locally projective cartesian module 
as before. Let Q be the quiver whose vertices are the objects of C, and whose edges are the morphisms 
of C. It is then clear that the category Mod cart (R) is a full subcategory of the category QMod car t(R). 
Furthermore it is also clear that if M C TV in QMod caiY t(R) and N is a cartesian i?-module, then M 
will be automatically a cartesian i?-module as well. This easy observation is crucial in proving our main 
result in the next section and giving our main applications. 

4 Generators in Mod cairt (R). Application to algebraic stacks 

With the observations made in the previous sections, we can use Proposition 3.3 of [EE05] to infer that 
M od cart (i?) is a Grothcndicck category Throughout this section we will assume that C is a small category 
and R is a flat presheaf of rings on it. We shall denote by Q the quiver associated to C. 

Definition 4.1. Let M be a cartesian Q-module. The cardinality of M is defined as the cardinality of 
the coproduct (in the category of sets) of all modules associated to the vertices v G V , that is 

\M\ = | U veV M{v)\ 

Proposition 4.2. Let C be any small category with associated quiver Qc — {V, E) and M a cartesian 
R-module. Let A be an infinite cardinal such that A > |i?(f)| for all v and such that A > max{|75|, |V|}. 
Let X v C M(v) be subsets with \X V \ < A for all v. Then there is cartesian R-submodule M' C M with 
M'iv) pure for all v, with X v C M'(v) for all v and such that \M'\ < A. 

Proof. The proof of |EE051 Proposition 3.3] gives a cartesian Q-submodule M' of M satisfying 
the desired properties. But then by the previous comment, as M is cartesian, M' will be also cartesian 
R- module. □. 
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Definition 4.3. A cartesian R-submodule M' of an R-module M is said to be pure whenever M'(v) is 
a pure R(v)-submodule of M(y), for every vertex v G V. 

Corollary 4.4. There exists an infinite cardinal A such that every cartesian R-module M is the sum of 
its quasi- coherent R-submodules of type A. 

Proof. Let M be any cartesian i?- module and take an element x € M. Then, by Proposition 14.21 
we find a (pure) cartesian i?-submodulc S x of M with \S X \ < A and x 6 S x . Thus M — X^xeM ^ 

As a consequence of this we have that Mod calt (R) is a Grothendieck category whenever R is a flat 
prcshcaf of rings, for if we take a set Z of representatives of cartesian modules with cardinality bounded 
by A, it is immediate that the single cartesian i?-module (BsgzS generates the category of quasi-coherent 
i?-modules. 

Now if we focus on particular instances of small categories we have the following significant conse- 
quences. The first one is due to Gabber (cf. jConOOl Lemma 2.1.7]). 

Corollary 4.5. Let {X,Ox) be o-ny arbitrary scheme. Each quasi- coherent sheaf can be written as a sum 
of its pure quasi- coherent subsheaves of type A. Thus Q.co(X) is a Grothendieck category. 

Proof. We let C consisting of all the affine open U C X . Then the inclusion between affine open 
subsets defines a canonical structure of a partially ordered category on C. Now we let R be the structure 
sheaf Ox- Then it is standard that Mod calt (R) and Qco(X) are equivalent categories. So the result will 
follow from Corollary 14.41 □ 

Remark. The previous proof also clarifies a possible misunderstanding on |EE05i Section 2]. There, 
the reader may wrongly think that we are considering the free category on the affine open subsets of the 
scheme X to establish our equivalent category C. This is obviously not true, and the gap is easily fixed by 
saying that we were assuming the compatibility condition on our representations there to get the desired 
equivalence. To be precise we are just claiming that Qco(X) and Mod C!lT t(R) (or C in that section) are 
equivalent. 
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Our second application goes back to Artin stacks (cf. |Ols07p and Deligne-Mumford stacks. 

Corollary 4.6. Let X be a Deligne-Mumford stack. Then the category Qco(X) is a Grothe.ndie.ck category. 
In particular it is locally presentable and has arbitrary products. 

Proof. We take C as the small subcategory of the iso classes of the category of affine schemes that 
are etale over X (such small subcategory must exist as the iso classes of such schemes form a set, as etale 
morphisms are of finite type). Then Mod cax t(R) is equivalent to Qzo{X). □ 

Corollary 4.7. Let X be an algebraic stack with a flat sheaf of rings A. Then the category Qzo{X) is a 
Grothendieck category. In particular it is locally presentable and has arbitrary products. 

Proof. In this case we consider C to be the category of affine schemes smooth over X and R as the 
sheaf of rings A. Then Mod cav t{R) is equivalent to the category of quasi-coherent sheaves on X. □ 

5 Preliminaries on cotorsion pairs in Mod cait (R) 

In this section we present those notions from Mod caxt (R) which will be used in the sequel. Let C be any 
small category, R a flat preshcaf of rings on C and Mod cmt (R) the corresponding category of cartesian 
R- modules. Let us fix A as in Proposition 14.21 

We recall that a cartesian i?-module M is K-gcnerated (for k a regular cardinal) whenever 

Hom Modcart ( fl )(M, -) 

preserves /c-filtered colimits of monomorphisms. Equivalently, M is K-generated whenever M = X^e/ Mi 
is a K-directed union of cartesian submodulcs, we have M = Mi for some i £ I. And M is K-presentablc 
whenever HomMod C!l _ It (R) (M, — ) preserves K-filtered colimits. Under our above assumption on A relative 
to Mod car t (R) , a cartesian R- module M is A-presentable if and only if M is A-generated and every 
cpimorphism L — > M with L A-generated has a A-gcncratcd kernel. 

Furthermore, given M S Mod caY t(R) it is easy to check that the following conditions are equivalent: 

1. \M\ < A. 
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2. M is A-generated. 

3. M is A-presentable. 

A well-ordered direct system of cartesian i?- modules, (A a \ a < 7), is said to be continuous if Aq = 
and, for each limit ordinal /3 < 7, we have ^4,g = lim A a where the limit is taken over all ordinals a</3. 
A continuous direct system (A a \ a < 7) is called a continuous directed union if all morphisms in the 
system are monomorphisms. 

Definition 5.1. Let £ be a class of cartesian R-modules. An object A of A is £-hltercd if A = lim A a 

— > 

for a continuous directed union (A a \ a < 7) satisfying that, for each a + 1 < 7, Coker (A a — > A a+ \) is 
isomorphic to an element of C 

We can easily extend Hill's Lemma (see [GT061 Theorem 4.2.6]) to Mod caY t(R)- Let J be a class 
of A-presentable cartesian i?-modules and let M be a cartesian i?-module possesing a J'-filtration O = 
(M Q I a < a). 

By Proposition ^. 21 there exist A-presentable cartesian i?-submodulcs A a C M a+ i such that M a+ i = 
M a + A a for each a<o~. A set S C a is called closed provided that M Q n A Q C ^2p <a p €S Ap for each 

Lemma 5.2. Let % = {^2 a( z S A a \ S closed}. Then H. satisfies the following conditions: 
(HI) OC H, 

(H2) % is closed under arbitrary sums, 

(H3) P/N has a J -filtration whenever N,P £% are such that N C P. 

(H4) If N e H and X is a X-presentable cartesian R-submodules of M, then there exists P G % such 
that N + X C P and P/N is X-presentable. 

Proof. Note that for each ordinal a < a, we have M a = J2f}< a Asi hence a is a closed subset of a. This 
proves condition (1). Since any union of closed subsets is closed, condition (2) holds. 
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In order to prove condition (3), we consider closed subsets S,T of a such that N = J2aes Aa an< ^ 
P = J2aeT ^a- Since S U T is closed, we will w.l.o.g. assume that S C T. We define a J'-filtration of 
P/N as follows. For each (3 < er, let Fp = (E tt eT\s,«</3 A " + N)/N. Then i^+x = + (Ap + N)/N 
for (3 ET\S and F^+x = Fp otherwise. 

Let P E T \ S. Then Fp +1 /Fp = Ap/(Ap (1 (Y, a eT\s, a <p A <± + N ))> and sincc /3 G T \ S and T is 
closed, we have 

Ap n ( 5^ A Q + jv) = ^ n ( A « + Z - 

a£T\S,a<P a£S,a>/3 a£T,a</3 

DApD( A * + ( M /3 n A f>)) ^ M P n V 

a£S,a>/3 

Let Bp = Eaes a>,3 ^ Q + Eqgt a<^ ^« We will prove that ApCi Bp = Mp fl A^. We have only to show 

that, Apt! Bp C AptlMp, Let a G Apt! Bp. Then a = c + a QfJ H ha Q(i where c G EaeT a< p A a C Mg, 

Q!j G 5 and a ai G A Qi for all i < k and ai>ct!j-|-x for all i<k. W.l.o.g., we can assume that ao is 
minimal possible. If cto>/3, then a aa = a — c — a ai + ■ ■ ■ — a ak G M ao n A ao C Eaes a<a Aa ( smce 
ao G S), in contradiction with the minimality of ao. Since p ^ S, we infer that ao<(3, a G Mp, and 

A,3 ns,3 = Ap r\Mp. 

So if p G T \ 5 then Fp + \jFp = Ap/(Mp n A^) = Mp +1 /Mp, and the latter is isomorphic to an 
element of because is a J^-filtration of M. This finishes the proof of condition (3). 

For condition (4) we first claim that each subset of a of cardinality <A is contained in a closed subset 
of cardinality <A. Since A is regular and unions of closed sets are closed, it suffices to prove the claim 
only for one-element subsets of a. By induction on P we prove that each P<a is contained in a closed 
set S of cardinality <A. If p<\ we take S = P + 1. 

Otherwise, consider the short exact sequence — > Mp n Ap — > Ap — > Mp + i/Mp —> 0. By our 
assumption on A, since Ap is A-presentable, so is Mp n Ap. Hence, Mp n Ap C EcigS Aa ^ or a su bset 
S C /3 of cardinality <A. By our inductive premise, the set S is contained in a closed subset S" of 
cardinality <A. Let S" — S' U {/3}. Then 5" is closed because S' is closed, and Mp n A^ C Eaes' 

Finally if N = Eaes" Aa and ^ * s a A-presentable cartesian submodule of M, then X C EaeT A <* f° r 
a subset T of er of cardinality <A. By the above we can assume that T is closed and put P = E Q eS"uT A °<- 
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By (the proof of) condition (3) P/N is ^-filtered, and the length of the filtration can be taken < |T\S|<A. 
This implies that P/N is A-prescntable. □ 

A cotorsion pair in a Grothendieck category A is a pair of classes of objects of A, (J 7 , C), such that 
T = C and C = T , where 

± C = {F 6 A : Ext\(F, D) = 0, VD e C} 

and 

F^ = {C eA: Ext\(G, C) =0, VG e J 7 }- 

The cotorsion pair is said to be cogenerated by a class of objects T in A if T = C. When this class T is 
a set and it contains a generator of A, it is known that every object M in A has enough projectives, that 
is, there exists a short exact sequence 

O^G^F^M^O, 
with F £ T and G £ C, and enough infectives, that is, an exact sequence 

M -> G' -> F' 

with F'eJ and C'eC (see e.g. |EEGRO041 Theorem 2.5] or |Hov021 Corollary 6.6]). A cotorsion pair 
having enough injectives and projectives is called complete. 

By using the previous version of Hill's Lemma, we can get the analogous version of Kaplansky's 
Theorem for cotorsion pairs (see |GT061 Theorem 4.2.11]) for Mod cai t(R)- Given a class T in Mod cart (R) 
we will denote by T K the class of all K-presentable objects in T . 

Theorem 5.3. Let k be an uncountable regular cardinal such that K > A. Let (J~,C) be a cotorsion pair 
in M od car t(R) such that T contains a set of K-presentable generators of Mod car t(R). Then the following 
conditions are equivalent: 

1. the cotorsion pair (J-,C) is cogenerated by a class of K-presentable cartesian R-modules. 

2. Every cartesian R-module in T is T K -filtered. 
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Proof. (1) => (2) We can assume that (J 7 , C) is cogenerated by a set T of K-presentable cartesian i?- 
modulcs and that, up to isomorphism, each generator of Mod cart (i?) is in T. By the arguments given in 
the proof of [EEGRO04. Lemma 2.4 and Theorem 2.5], the class T consists of all retractions of T-filtered 
objects. So the claim follows with the same proof (adapted to our setting and by using Lemma 15. 2p of 
[GT061 Lemma 4.2.10]. 

(2) => (1) By Eklof's Lemma ( [Ekl77| Theorem 1.2]) in his version for arbitrary Grothcndieck categories, 
an object D G C if, and only if, D G (J 7K ) ± . So (J 7 , C) is cogenerated by F K . □ 

Remark: Theorem 15.31 can be easily extended to Ch(Af od cart (R)), the category of unbounded chain 
complexes of cartesian i?-modulcs. 

6 Complete cotorsion pairs in Ch(MoG? cait (-R)) 

We will denote by Ch(Mod car t(i?)) the category of unbounded chain complexes of Mod calt (R). 

We now recall some well-known facts of the category Ch(^4) of unbounded chain complexes on an 
abclian category A. A complex in A, 

d n + 2 <W l d n d„ -1 

' ' ' > > *A-n > A-n— 1 > ' * " j 

will be denoted by (X,d), or simply by X. And we will denote by Z n X = keid n , K n X = Coker d n , 
B n X = Im d n+ i and H n X = , for every integer n. Given other complex Y, Hom(X,Y) will denote 
the complex defined by 

Hom{X,Y) n = J[Rom R {X k ,Yk +n ) 

fcGZ 

and ({f)dn) k = fkdk+n — ( — ^-) n dk fk-i f° r an Y n £ Z. The class of all acyclic complexes will be denoted 
byS. 

Let us fix a cotorsion pair (J 7 , C) in Mod ca ,rt ( R) ■ We will consider the following subclasses of 

Ch(A/cd C art(i?)): 

1. The class of J- -complexes, J- = {X G £ : Z n X e J, Vn £ 1}. 
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2. The class of C-complexes, C = {X E £ : Z n X e C, Vn e Z}. 

3. The class of rfg-J 7 complexes, 

dgT = {X G Ch{Mod cart {R)) ■ X n 6 T Vn G Z and Hom(X, C) is exact VC G C}. 

4. The class of dg-C complexes, 

dgC = {X e Ch(A) :X n eC Vn G Z and Hom(F, X) is exact MF G J"}. 

We start with the following lemma. We recall that A is fixed as in Proposition 14. 21 for Mod car t(R). 

Lemma 6.1. Let k be a regular infinite cardinal such that k > A. Let N = (N n ),M = (M n ) be exact 
complexes such that N C M. For each n G Z, let X n be a n-presentable cartesian R-submodule of M n . 
Then there exists an exact complex T = (T n ) such that N C T C M, and for each J 1 ™ D 7V n +X„, 

anc! t/ie object T n /N n is K-presentable. 

Proof. (I) First, consider the particular case of N = 0. Let y o " = X„ + ^-^Xn-i). Then (F ") is a 
subcomplex of M. 

If i < u and y™ is a K-presentable cartesian i?-submodulc of M n , put = Y? + Df + S n - 1 {D^~ 1 ) 
where D? is a k~ presentable cartesian submodule of M n such that 5 n (D?) D Z n+1 M n (Such 
Df exists by Proposition OJ since Z n+ iM n C Kcr(<5 n+1 ) = Im(5").) Let T" = \J i<uj F™. Then 

Z n+l MHT n+1 = \J l<UJ {Z n+1 MnY i n+1 ) C [J l<w <5"(^+i) C (5"(T n ). It follows that T = {T n ) is an exact 
subcomplex of M. By our assumption on n, T n is K~presentable. 

(II) In general, let M = M/N and X n = (X n + N n )/N n . By part (I), there is an exact complex f 
such that T C M , and for each n G Z, T™ D X„, and the cartesian i?- module T™ is K~prcsentable. Then 
T = T/N for an exact subcomplex JVCTC M, and T clearly has the required properties. □ 

We will also need the following Lemma whose proof is similar to the previous one, so we will omit it. 

Lemma 6.2. Let k be a regular infinite cardinal such that k > X. Let N = (N n ), M = (M n ) be complexes 
such that N C M. For each n£Z, let X n be a k -presentable cartesian submodule of M n . Then there 
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exists a complex T = (T n ) such that N QT C M , and for each ngZ, T n D N n + X n , and the object 
T n /N n is K-presentable. 

Theorem 6.3. Let (J 7 , C) be a cotorsion pair cogenerated by a set in AIod car t(R) and such that J- contains 
a generator of M od caTt (R) ■ Then the induced pairs (J 7 , dgC) and (dgJ-,C) are complete cotorsion pairs. 

Proof. By [Gil04[ Corollary 3.8] we have induced cotorsion pairs (J-,dgC) and (dgT,C). By jGi!071 
Proposition 3.8] and |Hov021 Corollary 6.6] the pair (dgF^C) is complete. Finally to see that the pair 
(J 7 , dgC) is complete we will prove that each complex C G J- is ^-filtered (for some k > A), so the 
cotorsion pair (J 7 , dgC) will be cogenerated by a set. Then the completeness follows from Quillen's small 
object argument (see |Hov02l Corollary 6.6]). 

Let C = (M n ) G T . Then for each n G Z, Z n C G T and therefore Z n C has an ^"-filtration 
O n = (M™ | a < (Tn). For each n G Z, a < a n , consider a K-presentable cartesian i?-module A™ such 
that M™ +1 = M™ + A2, and the corresponding family T-L n as in Lemma l5?2l Since the complex C is exact, 
the ^"-filtration O n +i determines a canonical prolongation of O n into a filtration C„ = (M™ | a < t„) 
of M n where r„ = a n + er n +i (the ordinal sum). 

By definition, for each a < a n +i, S n maps M£ n+a onto M™ +1 . So for each a < cr„+i there is a 
K-presentable cartesian submodulc A™ n+Q of A/" n+Q+1 such that 5 n (A™ n+a ) = A™ +1 . Since for each 
o-n < a < r„ we have Ker(<5") C M™, it follows that Af™ +1 = A/™ + A™. 

Let be the family corresponding to A™ (a < r n ) by Lemma T5. 2 1 Since each closed subset of a n is 
also closed when considered as a subset of r„, we have H n C 7^. Note that, by |Ekl771 Theorem 1.2], 
the class of ^"-filtered cartesian i?-modules is contained in J 7 , so TL' n C T by condition (H3) of Lemma 

Notice that Z„C = M™^ = X)q<o- ^q- We claim that for each closed subset S 1 C r„, we have 
n Y. a esK - E Qe sn CT „ G Wn- To see this, we first show that E Q<CT „ K n E Qe s^£ = 

Saesn«r„ Tlie inclusion D is clear, so consider a G ^S) n Z)a e s ^S- Tlien a = a Qo H ha Qfc 

where Oj G S, a ai G A™ for all i < k, and Oj > ttj+i for all i < fc. W.l.o.g., we can assume that «o is 
minimal possible. If a > <J„ , then a Qo = a - a ai a Qk G (E Q <a ^S) n £ Eaes,a<a ^2 as 
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«o £ S and 5* is closed, in contradiction with the minimality of ag. Hence ao < a n , and a 6 X)aGSn<r A a- 
So Z n C n J2aes A a = J2 a <£Sn<T n ^ai an d the latter cartesian i?-module is in H n because S (~l cr„ is closed 
in cr„. This proves our claim. 

By induction on a, we will construct an /""-filtration (C a a < a) of C such that C a = (AT™), 
Z„C Q G and AT£ e 74 for each n G Z. 

First, Co = 0, and if C a is defined and C a ^ C, then for each n G Z we take a /{-presentable object 
X n such that X„ ^ N™ in case A''™ C M n (this is possible by our assumption on k), or X n = if 
M" = AT™. If M" = A"™ for all n G Z, we let a = a and finish our construction. 

By Lemma [6.11 there exists an exact subcomplex T = (T n ) of C containing C a such that for each 
n G Z, T n D N% + X n , and the cartesian fl-module T n /N£ is K-presentable. Then Y n = T n = TV™ + X' n 
for a K-presentable cartesian _R-submodule X' n of M n . By condition (H4) of Lemma [5.21 (for N = 
and X = X' n ), there exists a object = P„ in H' n such that AT£ + X' n = T n C F„ and P n /N™ is 
K-presentable. Iterating this process we obtain a countable chain Y n C F T ' C K" C . . . whose union 
AT™ i j G 74 by condition (H2) of Lemma 15.21 Then C Q +i = (N™ +1 ) is an exact subcomplex of C 
containing C a . Since AT" +1 G 74, we have Z„C Q+ i = Z rl C D AT™ +1 G Hn by the claim above. 

In order to prove that C a +i/C a G J- K , it remains to show that for each n G Z, Z n (C Q +i/Co,) G J 7 . 
Since the complex C a+1 /C a is exact, it suffices to prove that F = (6 n (N% +1 ) + N^ +1 )/N^ +l G T. 

We have N£ +1 = ^2 aeS A™ where w.l.o.g., S is a closed subset of r„ containing cr n . Let S" = {a < 
&n+i I o"n + a G S 1 }. Then 5" is a closed subset on r n+ i = <r n +i + &n+2- Indeed, for each a G S", we have 

/3<Q /J<(T„+Q 

where the inclusion C holds because S 1 is closed in r„ and Ker(<5 n ) C J2p<cr + a -^/j- 

Since = EpeS' A T^ and = E/j s t^ +1 for a closed subset T of T ™+i> wc have 

F = E/3 G s'ut E/ieT so i* 1 G J 7 by condition (H3) of Lemma [51] for H' n+1 . This finishes the 

proof of C a+ i/C a G J" K . 
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If a is a limit ordinal we define C a = [_}p <a Cp = (N£). Then iV™ £ H' n by condition (H2) of Lemma 
15.21 and Z n C a — Z n CC\N™ £ W n by the claim above. This finishes the construction of the J^ K -filtration 
of C. 

□ 

7 Model category structures on Ch(M od cart (R)) 

In this section we will see that the induced cotorsion pairs in Theorem 16.31 give rise to an abelian model 
structure in Ch(Mo<i car t(-R)) in which the trivial objects are the exact complexes. According to Hovey 
in |Hov02| we have to prove that we have induced complete cotorsion pairs of the form (C,T> D £) and 
(CDS, T>), where C and T> are classes of complexes in Ch(Mod calt (R)). Following |Hov02j . if we have two 
complete cotorsion pairs (C,C) and (T>',V) in Ch(M od calt (R)) , we will say that they are compatible if 
V = C n £ and C = V D £ . 

Lemma 7.1. Let (3F,C) be a cotorsion pair in Mod caxt (R) cogenerated by a set, such that J- contains a 
generator of Mod caxt {R) and J- is closed under taking kernels of epimorphisms. Then the pairs (J 7 , dgC) 
and (dgJ-'^C) are compatible. 

Proof. According to !Gil071 Corollary 3.9(3)] we have just to check that 

E x t n Modc&n(R) (F,C) = 

for any n > and any F £ T and C £ C. By definition of cotorsion pair, Ext] w - odcart r R \ (F, C) = 0. Given 
any exact sequence 

O^C^M^N^F^O 
representing an element in Ext Mo( j cart (^ (F, C), we can construct the sequence 

O^C^P^G^F^O, 

which represents the same element in Ext^ d cart (#) (F, C) but with G £ T (since T contains a generator 
of Mod caT t{R)) and Z = kcr(G — > F) £ T (because F is closed under kernels of epimorphisms). So 
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Ext^ odcart( - J jj (Z, C) = 0, and therefore 0— > C ^ P — > Z — > splits. But this means that -> C -> 
P —> G — > F — > (and therefore also 0->C->J/4JV->F->0) represents the zero element in 
Ext ModcaTt r R \ (F, C). Proceeding inductively in this way we get our claim. □ 

Theorem 7.2. Let (F, C) be a cotorsion pair in Moc? car t(i?) cogenerated by a set and such that F contains 
a generator of Mod cajr t (R) an d J~ is closed under kernels of epimorphisms. The compatible cotorsion pairs 
{dgT,C) and (J 7 , dgC) induce an abelian model category structure in Ch(Mod cart (i?)). In this abelian 
model structure the weak equivalences are the homology isomorphisms, cofibrations (resp. trivial cofibra- 
tions) are monomorphisms whose cokernels are in dgj-, (resp. trivial cofibrations are monomorphisms 
with cokerneles in J 7 ) and fibrations (resp. trivial fibrations) are epimorphisms whose kernels are in dgC 
(resp. trivial fibrations are epimorphisms with kernels in C). The corresponding homotopy category to 
this model structure is Ti(Mod car t{R)), the derived category of Mod car t {R) ■ 

Proof. The proof of both theorems is a consequence of Theorem 16.31 Lemma 17.11 and |Hov021 Theorem 
2.2]. 

□ 

8 The Derived category of quasi-coherent sheaves on an Artin 
stack 

Throughout this section by an algebraic stack we mean an Artin stack with separated and quasi-compact 
diagonal in the sense of jLMBOOj . 

An algebraic stack is geometric if it is quasi-compact with afhnc diagonal (this definition is due 
to Toen and Vezzosi in |TV08j and Lurie |Lur05p . For geometric stacks, Gross in his thesis [GrolOl 
(3. 5. 5) Theorem] proves in a very elegant way that Qto(X) admits enough fiat objects (that is, every 
quasi-coherent O^-module is a quotient of a flat quasi-coherent O^-module. The corresponding result 
for schemes was known from [ATJLL97] by using the derived category of quasi-coherent sheaves. We 
recall that if T denotes the class of flat quasi-coherent O^-modules, then the elements in F 1 - are known 
as cotorsion quasi-coherent O^-modules. 
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Theorem 8.1. Let X be an algebraic stack with enough flats (for instance a geometric stack). There is a 
monoidal model category structure on Ch(£3co(<%')) where weak equivalences are homology isomorphisms, 
the cofibrations (resp. trivial cofibrations) are the monomorphisms whose cokernels are dg-flat complexes 
(res. flat complexes). The fibrations (resp. trivial fibrations) are the epimorphisms whose kernels are 
dg-cotorsion complexes (resp. cotorsion complexes). The associated homotopy category is D(£3co(A')) ; 
the derived category of Qco(X). 

Proof. Let C be the category of affine schemes smooth over X and R the sheaf of rings Ox ■ We will apply 
Theorem 1 7. 2 1 to the class F of flat cartesian R- modules. The fact that (F, F^) is a cotorsion pair can be 
easily derived from Proposition ^. 21 and the small object argument |Hov98[ Theorem 2.1.14]. Namely, by 
[EE051 Theorem 4.1] for each M £ Mod cmt (R) there exists a short exact sequence 0— > C — > F — > M 
with C e F 1 - and F G F. Now if M E (J 7 ) the sequence splits and so M is also flat cartesian R- module. 
Hence (J 7 , J 7 ) is a cotorsion pair. By Proposition 14.21 we see that each F 6 F is ^-filtered for certain 
K > A. So J 7 is cogenerated by the set of iso classes of K-presentable objects in T . 

Finally to get that the model structure is monoidal we apply |Gil07[ Theorem 5.1] by observing that 
the class F satisfies conditions (1), (2) and (3) of that Theorem. □ 

For the next application we need to recall the definition of (infinite dimensional) vector bundle (cf. 
[Dri061 Section 2, Definition]). A quasi-coherent O^-modulc M is an infinite dimensional vector bundle 
if it is locally projective. Let F be the class of all infinite dimensional vector bundles. An algebraic stack 
X has the resolution property if every quasi-coherent sheaf is a quotient of a filtered direct limit of locally 
free sheaves of finite type. In particular if an algebraic stack satisfies the resolution property, the class 
F contains a family of generators for Oco(A^), in other words Qco(X) has enough vector bundles. By 
|Tot04[ Theorem 1.1] for a normal noetherian algebraic stack X the resolution property is equivalent to 
X being isomorphic to the quotient stack of some quasi- affine scheme by an action of the group GL„. 
This has been extended by |Grol01 Theorem 6.3.1] for non-normal noetherian stacks, and by |Rydl3 
without noetherian hypothesis. 
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Theorem 8.2. Let X be an algebraic stack with pointwise affine stabilizer group that satisfies the res- 
olution property (for instance if X is a global quotient stack, cf. lTho87\ 2.18]). There is a monoidal 
model category structure on Ch(l3co(A')) where weak equivalences are homology isomorphisms, the cofi- 
brations (resp. trivial cofibrations) are the monomorphisms whose cokernels are dg-complexes of (infinite 
dimensional) vector bundles (resp. exact complexes of vector bundles whose every quasicoherent sheaf of 
cycles is a vector bundle). The fibrations (resp. trivial fibrations) are the epimorphisms whose kernels 
are dg-orthogonal to the class of infinite dimensional vector bundles. The associated homotopy category 
is T)(Qio(X)), the derived category of Qco(X). 

Proof. Again we let C be the category of affine schemes smooth over X and R the sheaf of rings Ox- 
Then we will apply Theorem 17.21 to the class T of locally projective cartesian i?-modules. To show that 
(J 7 , J 7-1 ) is a cotorsion pair cogenerated by a set we will first prove that every F 6 T is J 7K -filtered for 
certain k > A. By Kaplansky Theorem each F(v) is a direct sum of countably generated projective R(v)- 
modules, in particular every F(v) possess a filtration V v by countably generated projective i?(u)-modulcs. 
Let TL V be the family associated to V v by Lemma [572] and {x v>a \a < t v } be an i?(w)-generating set of the 
i?(w)-module F(v). W.l.o.g., we can assume that for some ordinal r, r = t„ for all v. 

Let us denote by (F a a < r) the desired ^"-filtration that we will get for F. Let Fo — 0. Assume 
that F a is defined for some a < r such that F a (v) £ H v and x v ^ £ F a (v) for all (3 < a and all v. Set 
= F a {v). By condition (H4) of Lemma [5721 there is a module N Vjl £ H v such that A^ C jV Vi i and 
N lK i/N lK o is A-prcscntable. 

By Proposition 14.21 there is a cartesian i?-submodule G\ of F such that F a C G\ and G\jF a is A- 
presentable. Therefore Gi(v) = N Vi i + (S v ) for a set S v C Gi(v), of cardinality < A. Now by condition 
(H4) of Lcmma l5.21 there is a module N v ,2 G T~L V such that G\{v) = N lK i + (S v ) C N Vt 2 and N v ^/N v j is A- 
presentable. Following in this manner, we get a countable chain (G n | n < Ho) of cartesian i?-submodules 
of F and a countable chain (N v , n \n < N ) of i?(w)-submodules of F(v). We define F a+1 = J2 n <K Gn- 
Then it is clear that F a+ i C F is a cartesian i?-module satisfying F a+ i(v) = X)n<N G n {v) for each v. 
By condition (H2) of Lemma [5~2l we deduce that F a+1 (v) € H v and \F a+ i(v)/F a (v)\ < A. Therefore 
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F a+ i/F a e T K . Finally if a < r is an ordinal limit and Fp is defined for every (3 < a, we define 
F a = ^2p <a Fp. Since x v ^ a S F a+ \(v) for each v and a < t, we have F T (v) = F(v). So (i^l a < r) is 
the desired ^"-filtration of F. Then, by [Ekl771 Theorem 1.2] the pair (J 7 , T^~) is cogenerated by the set 
of iso classes of F K cartesian i?-modules. 

By [EEGRO04, Lemma 2.4, Theorem 2.5], for all A E AIod cart (R) there exists a short exact sequence 

-> P -> Z -> (1) 

where P e F 1 - and Z has an J 7 - filtration. Given any M € M od ca _ r t(R) , since X satisfies the resolution 
property, there exists a short exact sequence 

O^U^G^M^O 

where G is a direct sum of locally free cartesian R- modules (of finite type). Now let 

O^U -> N -> Z ->0 

be exact with N € J 7 ^ and Z admitting an J-"-filtration. Form a pushout and get 



► [/ > G > M ► 

> N > Y > M > 

z = z 



Then since G £ J- and Z has an J 7 - filtration (so Z € J 7 , since J 7 is closed under ^-filtrations), we see 
that Y e T. Also N G J 7 - 1 . Hence if M G ± (J ?7± ) we get that O^TV^y^il/^O splits and so M is 
a direct summand of Y € J 7 . But then M G J- because J 7 is closed under direct summands. 
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Again, the model structure is monoidal because the class of locally projective cartesian i?-modules is 
contained in the class of flat cartesian i?-modules, hence condition (1) of |Gil07[ Theorem 5.1] holds (and 
so in particular T contains the unit R for the monoidal structure on £lco(X), so condition (3) holds). It 
is also immediate to notice that the tensor product of two locally projective cartesian i?-modules is again 
locally projective. So condition (2) of |Gil07[ Theorem 5.1] is satisfied, what finishes the proof. 

□ 

Remarks: 

1. There is a slightly different notion of algebraic stack in the literature, due to Goerss |Goe04j by 
considering that the diagonal morphism is affinc and that there is an affine scheme U and a faithfully 
flat 1-morphism, p : U — > X. Given a flat Hopf algebroid in |Nau7[ Section 3] it is shown that there 
is an equivalence between the category of (left) comodules on a flat Hopf algebroid and the category 
of O^-modulcs on a certain algebraic stack, in the sense of Goerss (see |Holl08j for a generalization). 
The results of this paper apply to this setting, just by picking the suitable category M od cm t(R) , 
thus providing monoidal model category structures on Ch(r), the category of unbounded complexes 
of (left) r-comodules over (A,T). In case of "well-behaved" flat Hopf algebroids (see |Hov04] for 
a precise formulation of "well-behaved") Hovey in |Hov04j already defined and studied a model 
category structure over Ch(r). Its associated model category is the derived category of (A,T). 

2. Let X be a quasi-compact semi-separated scheme. The derived category of quasi-coherent sheaves 
is a stable homotopy category in the sense of |HPS97j . This was shown in |A JP V08] . The main 
ingredients of their proof where the facts that £}co(X) is a Grothcndicck category (for any scheme 
X) and that each quasi-coherent Ox-module admits flat resolutions provided that X is quasi- 
compact and semi-separated. For the category Qco(X) [X an arbitrary Artin stack) the axioms 
(a) and (d) of |HPS971 Definition 1.1.4] trivially hold. By Corollary |4J]Qco(A') is Grothendieck, 
hence each cohomology functor on flco(A') is representable (cf. jATJLSS"00l Theorem 5.8]), so the 
axiom (e) of [HPS97] holds. Now it seems reasonable to conjecture that using the results of this 
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paper and |Grol01 (3.5.5) Theorem] the remainder axioms (b) and (c) of |HPS971 Definition 1.1.4] 
may be followed as in [AJPV08] for the case of (quasi-compact and semi-separated) schemes. 

3. Let Flat X be the class of flat quasi-coherent Ox-modules over a geometric stack X . Again by 
[GrolOl (3.5.5) Theorem] and the application of the small object argument (cf. [EE051 Theorem 
4.1]) the pair (Flat X, Flat X- 1 ) is a complete cotorsion pair. 

In his thesis [Mur08], Murfet defines the mock homotopy category of projectives, K m (Proj X) for 
a quasi compact and semi separated scheme X. The starting point is Neeman's description (cf. 
|Nee08[ Facts 2.14(iii)]) on the affine case X = Spec(R) of K(Proj X) as the Verdier quotient 

K(i?-Flat)/K( J RT^at) 

and define K m (Proj X) as the corresponding Verdier quotient K(Flat A")/K(Flat X) for arbitrary 
quasi-compact and semi-separated schemes (see [Mur081 Definition 3.3 and Proposition 3.4]). Then 
he proves the existence of a right adjoint functor of the Verdier quotient map j* : K(Flat X) — > 
K m (Proj X), thus extending to quasi-compact and semi-separated schemes the affine case [NeelOl 
Theorem 0.1]. Now it is a general fact that any complete cotorsion pair (A, B) in Ch(Moe? car t(-R)) en- 
ables to show the existence of right (rcsp. left) adjoints of the embeddings K(.A) — > K(Mo4art(-R)) 
and K(£>) — > K(Mod cart (i?)), provided that A is closed under taking suspensions (see |EBIJR12l 
Theorem 3.5]). Now by Theorem 16.31 the pair (Flat X, Flat X ) in £}co(X) gives rise to the com- 
plete cotorsion pair (J 7 , dgC) in Gh{Qto(X)) (where T = Flat X and C = Flat X- 1 ). Hence we can 
extend Murfet and Neeman results to geometric stacks, to conclude that for a geometric stack X 
the canonical map j* : K(Flat X) — > K m (Proj X) has a right adjoint functor. As a consequence 
there is a localization sequence 

K(F\sAX) -)• K(Flat X) K m (Proj X). 
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